A PROCEDURE FOR CONSTRUCTING PEAK FUNCTIONS 



GAUTAM BHARALI 

Abstract. We extend Bishop's one-fourth three-fourths principle for constructing peak functions 
belonging to a uniform algebra to a situation where the "approximate barriers" associated with 
the Bishop construction are not uniformly bounded. 



1. Introduction 

In this paper, we revisit a procedure for constructing peak functions devised by Bishop. Specifi- 
cally, let 17 be a bounded domain in M" (or C" ), and let £" be a closed subspace of C{^1) : the class 
of all complex-valued functions that arc continuous on f2. Let a; g f2; we say that / (here / G 
peaks at x if f{x) = 1 and |/(j/)| < 1 Vy G il \ {x}, and we call / a peak function of class £. 
We present a procedure for constructing a peak function of class £. 

The procedure now known as Bishop's one-fourth three-fourths principle |2] (also see Theorem 
II/ 11.1] ) says that given a compact metric space X, a uniform algebra A on X , and a point x G X, 
if for each neighbourhood U of x, we could find a, fjj Q A such that : i) fij{x) = 1, ii) The sup- 
norms STxpx \fu\ a-re uniformly bounded, and Hi) \fuiy)\ < Oi\/y G X \ U with a uniform constant 
< a < 1, then we could construct a function F G A that peaked at x. Our result first exploits 
the fact that the result just described can be extended beyond uniform algebras to closed subspaces 
£■ Cciosod C. Secondly, it develops a Bishop-type construction in a setting where condition (ii) is 
replaced by a weaker analogue : sup^ \fu\ ^ ■!/'(diam(f7)~^), where ij^ : R+ — > R+, and ^{x) / -l-oo 
sufficiently gradually as x ^ +cx). This sort of of bound is motivated by applications in which the 
condition (ii) is difficult to verify. We make all of this precise in the following 

Theorem 1.1. Let Q be a bounded domain in M" (or C"J, and let x Q. Let £ be a closed subspace 
ofC{fl). Suppose there exist constants 
< a <l, 

0<s<l,0<t<l, and 
0<A<1, C>0 

such that for each neighbourhood U of x with Tx{U) < 1, there exists a function fij £ £ with the 
properties 

1) fu{x) = 1; 
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2) \fuiy)\ < aVyen\U; 

3) \fu{y)\ < C\og'[l/T,{U)]VyeU; and 

4) {yen : \fuiy)\<l + e^}D B{x;At,{U) e), 0<e<l. 

Then there exists a function F G £ which peaks at x. 

The expression Tx(U) in the above theorem is defined as 

r^(C/) := sup|y-a;|, 

where | . | denotes the Euchdean norm, while the set B{y;r) is defined as B{y;r) :— il D M{y;r), 
where ]B(y; r) is the open Euchdean baU centered at y £ Q and having radius r. 

Remark 1.2. The above theorem, suitably restated, is true if ft is replaced by a compact metric 
space X - we merely state the theorem in a setting that is closest to its applications. 

We comment briefly on the motivation behind the precise form of condition (4) in Theorem ll.il 
This condition is motivated by certain applications in multivariate complex analysis - such as when 
D is a pseudoconvex domain in having a sufficiently "nice" boundary, a; = G dD, ft = D OV, 
£ — 0{D r\V)C\ C{Vl) (where V is an appropriately chosen, small C^-neighbourhood of 0), and one 
constructs a function of class £ that peaks at a; = 0; refer to Fornaess & Sibony 4 , and Fornaess 
& McNeal (HI. In both these constructions, the relevant /jy's are scalings of a single function / 
that satisfies (1) and (2) with U = ]B^(0;1) n D and x = 0, and / satisfies a Holder condition 
with exponent s — \. The scalings fu then satisfy \fu{x) — fu{y)\ "^x{U)~^ which implies 
the condition (4) with 5 = 1 (but is not equivalent to (4) above). We ought to clarify here that the 
Holder condition just stated, combined with condition (1), forces the relevant /c/'s to be uniformly 
bounded. Thus, in the constructions [3] and 0], a variant of Bishop's original procedure suffices. But 
a different procedure is needed in order to construct (local) peak functions on far more complicated 
domains in C", n > 2 (such as the examples in ^ ) - known as the non-semiregular domains - 
where uniform boundedness of the relevant /y's, constructed in analogy with fails. However, 
a weaker "Holder-type" condition, i.e. condition (4), does hold in some of these domains, whereby 
Theorem 11.11 can be used. Details of this last application will appear elsewhere. 

2. The proof of Theorem II. II 
To prove our theorem, we will need the following two lemmas. 

Lemma 2.1. Let ip : [0, oo) — > (e, oo) be a continuous function (with e > 0), and assume that 
il){x) « x^^^ for large x (here, S is a small positive number). Define 

g{x) := exp|-fc^ i/;(s)"* dsj , 

where k > and t is such that (1 + 5)t < 1. Then 



PEAK FUNCTIONS 



3 



1) There are constants Ai,A2> such that 

(2.1) < g{x) < Aiexp 

2) g satisfies the equation 

(2.2) gix) = k r ds. 



' A2{1 - (1 + 6)t) 



Proof. Part (1) follows easily from the fact that there exist constants Af, ^2,^3 > such that 

aI^*s^+^ < ijj{s) < aI^*s^+^ ys>M. 
To prove part (2), we use the estimate (I2.1() . to sec that 

[const. + .-(^+^)* exp {- ^^''^'^'^ ^s, if x < M, 

i^r^-^^^'^*exp{-^^^,,^.-a-^)*} ds, ifx>M, 

whence the integral on the right-hand side of 1)2. 2|l is a convergent integral. We make the following 
change of variable 

(2.3) u{s) ^ k f V(t)-* dr. 



Since V(t)"* > r-^i+'^^V^a Vr > M, and (1 + S)t < 1, we have 

(2.4) lim u{s) = 00. 

s—*oc 

From (|2.3|) and 1)2. 4|) . we have 

/"OO / N />CXD 

fc / 4t4t ds = / e-" = e-"(^) = g{x). 

Jx V(S)* 

This completes the proof. □ 

The proof of Theorem 1.1. We begin by observing that we may as well assume that 1/2 < i < 
1, and that x = 0. We may henceforth assume - by raising the value of C if necessary - that 
s — (1 — a)/C > 0. This allows us to choose a £> £ (0, 1), D sufficiently small, so that : 

(2.5) i^^(l-a)/C > j^s 

Recall that A G (0, 1). Using this fact, we define 

fe 

\og{ek/D) (log A) 5]^'+^ A: = 1,2,... 



B{0;D), iffc^l, 

B{0;Ar,{Uk-i) Ek-i), if fc > 2, 

where we choose p to satisfy < p < 1. Notice that ]. as fc 00. We choose p to be so close to 
that (1 + p)t < 1. This is always possible because t < 1. In fact, we shall demand that : 
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• (1 + p)t = q, with q G (0, 1); and 

• {1 — q) = p/M, where M satisfies M > C, and whose precise value will be stated later in 
this proof. 

These imply that 

t + Mt Mjl-t) 

('•'^ ^ = iTWr ^ = TTmT- 

Observe that since we have assumed that 1/2 < f < 1, the value of p will indeed be less than 1. 
We now construct a sequence of functions {/„}„gN C £^ by induction as follows : 
Define /i := fu^ and write 

= {yefi:|/i(y)|>l + e?}. 

Due to the condition (4) of our hypothesis (note that £i < 1), W\ C (f2\J72). If we define /2 := fu2i 
it follows from the hypotheses of our theorem that : 

(a) /2(0)_= 1; 

(6) {y&n:\h{y)\<l+el} D U3; 

(c) 1/2(2/)! < Clog*[l/r,([/2)] VyGC/2;and 

(d) |/2(y)| < aV2/e(0\[/2). 

Assume that we have found /2, • • • , /m G ^ such that, defining 

Wm = {yen: max |/,(y)| > 1 + e^}, 

l<j<m 

they satisfy 

(a)m /j(0) = 1, j = 2, ...,m; 

{b)m {y&Ti: \fj{y)\ < 1 + £j} D C/,+1, i = 2, . . . , m; 

(c)m |/j(2/)| < Clog*[l/r,([/j)] Vy G C/, and j = 2, . . . ,m; and 

id)m \.fj{y)\ < a Vy G (O \ Uj) and j = 2, . . . , m. 

Notice that by (6)m, W™ C (il \ t/m+i)- If we define fm+i ■= fum+i^ then, by our hypotheses, 
{/2, ■■■,fm, fm+i} C £ satisfies {a)m+i-{d)m+i- 

It is easy to check that for m > 2 

^"^TTTn = ""^"sf^) + logf^) I (m-l) + ^(m-j)i-^+f 



r,(t/„) ''V^. 
(2.7) = mlog [1] + log J (m - 1) + m £ri+^' - £ / 



m — 1 



3=1 j=i 
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Notice that by estimating the sums obtained above by integrals, we have 

m — 1 



(2.; 



1 



< 



P 



< 



1 



3 = i 
m — 1 



p 



+ (1 -m-i+P) 



p+l 

From and lfTH|) . we get 



mP+^ - 1 .„ TO^'+i - 1 

- (1 - mP) < 2^f < ■- — . TO > 2 



i=i 



log 



2(m- 1) + 



p+l 

m^^P — (p + 1)to + p 



A) \ ^' ' p(p+l) 

Therefore, there exists a constant L > that is independent of p G (0, 1) such that 



(2.9) 



log ( — I — 7T Vm > 1. 



A) p(p+l) 



Vm > 2. 



Define 

frlog(l/i^) + log(lM)4^, ifT>l, 

ifO<T<l. 

Note that V(to) > log[l/ra;(C/„)] Vto e N. Finally, define 



(2.10) 
where 



Fiy) a- 



g(x) := exp 



1-a 
2M 



and CT," 



g(j) 



i=i 

It is easy to check that the last series above is rapidly convergent. To see this, we apply Lemma ITTI 
to tp. By the manner in which p and q are defined, we have the estimate 



exp 



1-a 



J 



1-9 



2Af ^2(1 - q) 

where Ai and A2 are the constants given by Lemma ITTI Thus, by item (3) of our hypothesis, 

I — a 



CAi 

< CTj sup l/j I < exp 



J 



1-9 



... , 2MA2il-q) 

Since the right-hand side of the above estimate constitutes a summable series, as j varies over N, 
we conclude that the right-hand side of (|2.1U|) converges uniformly on Q. Therefore F £ £. 

We claim that F defined by (|2.10(l peaks at x. Before proving this assertion, we choose an 
appropriately large value for M, which links p and q via the relation 



(1-g) =p/M. 
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We choose M to be so large - i.e. g < 1 to be so close to 1 - that : 



M >C, and 

1 J- i\, 

(2.11) exp<^- 



> exp|-logli|i±i^[(m-l)--l]| Vm>3. 

With this choice of p and q, we can make the following claims : 
Claim 1. (C^(m)* - l)c7„ < (1 - a) Ej>m+i /2 for each m e N. 

Claim 2. (1 - a) Ej>m+i <^j72 > ^m-i E^"i^ for each m > 2. 

We defer the proofs of these claims to the end of this section. Assuming that these claims are true, 
we can show that F peaks at 0. We first consider y ^ and y ^ Dj^f>iWj. Then, \fj{y)\ < 1 Vj e N. 
However, y G (f]\{7j„) for some j'o € N, whence, by condition {d)m '■ \fjo{y)\ < a < 1- Consequently, 
|F(y)| < 1. This leaves us with the case y G U^gN to analyze. Since {VFjjjgN is a strictly increasing 
sequence of closed sets, either y £ Wi or there exists to € N such that y € Wm but y ^ Wj Vj < m— 1. 
In the former case, it is clear by construction that |i^(2/)| < a < 1. The latter case results in the 
following estimates 

\fj{y)\ < l + C-i> l<i<m, 
\fm{y)\ < Clog*[l/r,(C/„)] = C^(m)*, 
\fj{y)\ < a Vi>m+1. 

Then 



\F{y)\ < a-' \ (1 + ^ a, + C^(to)V„ + a ^ a, 

j = l j=m+l 




^ oo 

1 — a 



+ I Cm H — ^ aj I + a (Tj ^ = 1. (from Claims 1 & and 2) 

j=m+l / j=m+l 



Thus, |F(y)| < 1 Vy 7^ 0, whence F peaks at 0. 



To complete our proof, we first present 
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The proof of Claim 1 : We compute : 

g(l - a) r 
2M 

1 - a 



< 



< 



E 



, M%l){sy 2 
9{j) 1 - a 



: — Um (applying Lemma [2. 11 -2) 



2 ;t;;a^V'0? 



(estimating from above by a series) 



1 - a 



E 



2 ^ 

j— m+l 

This proves Claim 1. 

And finally, we present 
The proof of Claim 2 : Notice that when m > 2, 



l-Q V^OO 



Em — 1 
.7 = 1 



> 



> 



> 



2 Jm+ 



X^^^g(.)/MV^(jr rf^ 



/o'"-^<?(s)/M7A(j)* rfs 
1 — a g{m + 1) 
^ g(0)-g(m-l) 
1 — a (7(m + 1) 
^ 5(0) 
1 — a f 1 — a 



(estimating sums by integrals) 
(applying Lemma IOl 2l 



> 



(2.12) 



> 



2 

1 — a 
2 

1 — a 



'^"P ' 2M 
i?(i-")/^^exp 

£)(l-")/C 



m+1 



i/'(s)-* ds 



1 — a 
2A'f 



771 + 1 



s-*(i+?') dsj (since s^+p < V'(s) Vs > 2) 



X exp 



1-a (m + l)i-«-2i-« 



2M l-g 
At this stage, we use the condition (|2.11|) (recall that m > 2) to get 

(2.13) 

1-a 



(since C < M and < L» < 1) 



exp 



1-a (m + 1)1-? - 2i-« 



1 — a 



2 

X exp 



2M l-g 

^(1-q)/C 

1 + Mt 1-a 



1-t 2M 
1 s 



(m + l)f/*^ - 2P/'^'] 



> D' exp <^ - log - - [ (m - l)f - 1 ] 
I A p 



(using the fact (1 + Mt)/M{l - i) = 1/p) 
(using H2.8|l on the exponents) 
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Note that the first inequahty makes use of the condition (|2.5(l . Comparing (|2.13|l with H2.12|l we 
conclude that 

which is precisely Claim 2. 

This concludes our proof. □ 
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